Problems on General Relativity: 2

October 17, 2021

Problem 1. Consider the following vector field

v =x0; + t0, (1)
defined in R2.
(1) For every point (g, o) find a curve
[=m,m] 57 = (4(7), (7)) (2)
such that
(t(0),2(0)) = (to, zo), 3)
and J
% (t (T) s L (T)) = v‘(t(,—),x(r)) (4)
for every 7.
(#4) For every value of 7, find
®, :R? - R? (5)

such that
% ((bT (t7 1‘)) = U|<I>7-(t,.7‘,)

Problem 2. In the subset {(¢,z) : # > 0} C R? introduce coordinates (p, ) related to the standard (¢, ) in

the following way
t=psh(r), x=pch(r) (6)

where
sh(r) := ———,  ch(r) = ——— (7)

Express the vector fields (0;,0,) in terms of the coordinates (¢, x).

Problem 3. On S3 parametrised by the Euler angles (¢, 0, ¢) an important role is played by the following
vector fileds

sin 1) sin
X, = 0 Op — ——
1= cosyd + sin@ ?  ‘tanh ¥’
. cos Y cos Y
Xo=— —
2 sinyds + sin08¢ tang ¥’
=0, ®)
sin ¢ sin ¢
Y = — —
1= cos 00 tan 6 ¢+sin9 ¥
. cos ¢ cos ¢
Yo =— Oy — —_—
2 sin ¢0p tan ot sing ¥’
Y3 = 0y.

(i) Calculate the commutators [X;, X;],i,j =1,2,3 .
(#4) Show, that the 1-forms
w!' = cosdf + sin O sin da,
w? = —sindf + sin 0 cos Yda, (9)
w? = dip + cos Odo,
set a basis dual to (X1, X, X3).

(t¢4i%) (for enthusiasts only) Calculate the commutators [X;,Y;], and [Y;, Y]] for ¢, 5 = 1,2,3 . Find the basis
dual to (Y7,Y2,Y3).



