Problems on General Relativity: 11

December 29, 2021

Problem 1. Consider the Kottler spacetime (”Schwarzschild-de Sitter”)

gk = —f(r)dt® + ;i(’f) +72(df* + sin® 0dp?) (1)
fry=1-20 2, 2)

r>0, A M>0, 0<9AM?<1.
1. Calculate the non-zero root rqg of f, in the case M = 0.
2. Calculate the double root 7, of f, in the extremal mass case, that is when 9AM? = 1.

3. Let 7, < ¢ be the two positive roots of f, in the case 0 < 9AM? < 1; put the numbers:

rg = 2M,ry, ¢, e, Tas in growing order.

4. For what values of the variable r is the spacetime (locally) static?

Problem 2. Consider an observer at rest in the Kottler spacetime (that is, on the world line tangent to the
Killing vector field 0y).

1. Calculate the acceleration vector a of the observer,
a = Vyu, (3)
where u is the observer 4-velocity.

2. Calculate the magnitude of the acceleration
la| = \/a,at.

3. What is the limit of |a| when r approaches ry, or r.?
4. For what value r = r¢ does the observer move freely along a geodesic?

5. For what values of r is the observer attracted inward by spacetime, and for what values is the observer
repelled outward?

6. Can you place the value 7y between the values of r considered in Problem 1.37

Problem 3. Consider null geodesics

and derive the potential V'(r; L) such that

1 1
S VL) = SE?, (5)

where L is the angular momentum. Which properties of the null geodesics depend on the value of A and which
do not?



Problem 4. Describe the black hole horizon r = 7, using the generalised Eddington-Finkelstein coordinates
(v,7,0,¢) defined by

d
dv :=dt + l, (6)
f
and the cosmological horizon r = r. using coordinates (u,r, 6, ¢) such that
dr
dv:=dt — —. 7
7 (7)
Extend the Killing vector
to the horizons, and find the values of the surface gravities ky,, k.. Recall, that
v£§|r:rb = Iibf, v§£|7’:7‘c = KC& (9)



