
Problems on General Relativity: 2

November 14, 2020

Problem 1. Consider the following co-vector (1-form) fields

e1 = cosψdθ + sin θ sinψdφ

e2 = − sinψdθ + sin θ cosψdφ

e3 = dψ + cos θdφ (1)

defined in a coordinate system (ψ, θ, φ) valid in [0, 2π]× [0, π]× [0, 2π] ⊂ R3. At every point (ψ, θ, φ) find tangent
vectors e1, e2, e3, such that (e1, e2, e3) is dual to (e1, e2, e3)

Problem 2. For the vector fields (e1, e2, e3) derived in Problem 1, calculate the commutators and write the
result in the following form

[ei, ej ] = cij
kek (2)

Problem 3. Knowing that given a vector field V , the Lie derivative LV satisfies

LV (fdh)) = V (f)dh+ fd(V (h)), LV (ω + ω′) = LV ω + LV ω
′ (3)

for every pair of functions f, h and co-vector fields ω, ω′, calculate Leie
j for the vector fields ei and co-vector

fields ej defined in Problem 1.

Problem 4. For each of the co-vector fields (e1, e2, e3) derived in Problem 1, calculate the exterior derivative
and write the result in the following form

dei = cijke
j ∧ ek. (4)

Compare the result with Problem 2.
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