Problems on General Relativity: 2

November 14, 2020

Problem 1. Consider the following co-vector (1-form) fields
el = cospdh + sin @ sinpde
e? = —sindf + sin 0 cos Ydo
e = dyp + cos 0de (1)

defined in a coordinate system (¢, 8, ¢) valid in [0, 27] x [0, 7] x [0, 27r] C R3. At every point (1, 8, ¢) find tangent
vectors ey, ez, e3, such that (e!,e?, e3) is dual to (ey, ez, €3)

Problem 2. For the vector fields (eq, ez, e3) derived in Problem 1, calculate the commutators and write the
result in the following form

[ei,e5] = cij"er (2)

Problem 3. Knowing that given a vector field V', the Lie derivative Ly satisfies
Ly (fdh)) =V (f)dh + fd(V(h)), Ly(w+w')=Lyw+ Lyw (3)

for every pair of functions f,h and co-vector fields w,w’, calculate L. e’ for the vector fields e; and co-vector
fields €’ defined in Problem 1.

Problem 4. For each of the co-vector fields (e!,e?,e3) derived in Problem 1, calculate the exterior derivative
and write the result in the following form . o
de’ = c'jrel N eP. (4)

Compare the result with Problem 2.



